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R. J. Ball and R. G. Bodkin developed price multipliers along with income multipliers,
in order to examine the effects of policies on real income and the price level based on
essentially Keynesian theory by the techniques of comparative statics.[!l7 The purpose of
this paper is to extend and modify their research first to open systems with different
supply functions of labor from their model and second examining whether those systems
are stable or not dynamically. We deal with the problems faced by the policy maker
concerned with the impacts of his actions and of the balance of payment on the general
price level. Dynamic aspects of the inflationary processes are given by the phase dia-
grams of two markets and stability conditions in the cases with more than two markets
without knowing the absolute values of each partial differential, because we can only
gain sign of each value.

Section I, III, and V deal with cases of over full employment and section II, IV, and
VI under full employment.

I

Our model is described as follows. Here we are not going to include foreign trade.
‘We have as accounting identity,

Y=C+I+G ah)
where Y is national income, C is consumption expenditures, I is net investment and G is
government expenditures, all of which is considered in real terms.

Consumption is considered to depend upen the level of real income Y, the real initial
stock of money Mo/P, the rate of interest i, which gives

C=C(Y,i,M,/P)V (2)
Net investment is also treated to depend on these same variables.
I=I(Y,i, My/P) (3
Government expenditures is assumed to be g% of national income Y.
G=qY (C))

This is a short period analysis, therefore the effect of the stock of productive equipment
is taken as given and technologieal progress is negligible.
We have the production function.

Y=7(N), f(N>0,  f"(\N)<0 )

* The auther is very grateful to Prof. Komiva and Mr. Sakurai and other members at the Faculty of Eco-
nomics of Tokyo University, who gave me helpful comments on an earlier draft.

1) We use initial stock money Mo here, this has different notation with money supply M which will be
described later at [8].

If M is taken instead of Ms, we can’t decide the sign of di/dM.
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The demand of labor is decided when the marginal productivity of labor f'(N) is equal
to the rate of real wage with the assumption of profit maximization.
fI(IN)=W/P (6

In the classical system the supply of labor is supposed to behave rationally. In the
same way, that the supply of any commedity depends on the labor is taken to depend not
on the money wage, but on the real wage.

This function of supply of labor is the same even in the Keynesian system on condi-
tion over full employment level according to F. Modigliani. He expressed the Keynesian
assumptions concerning the supply of labor in functional form.t2

, W=aW,+bF(N)P

where a and b are functions of N, W, P characterised by the following properties:

a=1, b=0, for NSNo

a=0, b=1, for N>No
where N is said to be full employment and Ws is the historically ruling wage rate. There-
fore, under full employment (including N=N,), the Keynesian system is different from
the classical one, but over full employment Keynesian system is the same with the classi-
cal one.

The supply of labor can be regarded as the function of real wage rate.

U=F(W/P)

We define the reverse function of F' as 8.

W/P=F-1(N)=S(N) )

The demand of money is taken to depend upon the level of money income and the rate
of interest. Let the money supply be M, then the equlhbrlum of money market is
described by

M=L(PY,1) ®

Then, considering the model as a whole, we have eight equations in eight endogeneous
variables that is, ¥,C,1, G, %, N, W, P, and the number of equations is equal to that of
variables. Exogeneous variables in our model are M, g.

Now we are going to simplify these eight equations with eight variables into three
equations with three unknowns.

{C(f(N), i, Mo/PY+ICF (N i, Mo/ P2 +0f (N) —f (N) =0 @
L(Pf(N),))—M=0 a0)
f1QN)~S@)=0 an

Total differentiation of thissystem with respect to M yields,
- (C%’FI%)M()/PZ dP+(Ci+h)di—f'(N)(Q—g—Cyrwy—I;wy)dN=0» (12)
Lesan f(N)AP+Lidi+Pf'(N)LpyvydN=dM 13)
(f"(N)—S'(N))dN=0 as
According to the Cramer’s rule, we obtain,
dP 1 0 Ci+li —fI(N)A—g—Cran—Isum)
W=B 1 Li Pf’(]V)Lp/(N)
0 0 SN —=S'(\ND

= SN =S NYY (= Ci= 1) >0

where

2) Cyﬁ_means the partial differentiation of C with respect to M/P. We use this notation from now on.
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dP _ 1, . D

a0 ¢ FN)LiPf"(N))>0

= N Le P (N)=f (NP (N) L ) >0
dN _ 1 o

dg = o SADLif'(N)>0

m

Next we are going to deal with the dynamic characteristics of the above formulated
systems, by the technique of dynamization.
In the case of demand of good exceeding the supply of good, price of this good is as-
sumped to rise and vice verce.
P=X(C(f (N, i, Mo/ P)+I(f(N), i, Mo/ P)+gf (N)—f(ND) 1s)
X'>0, X0)=0
1f the demand of money exceed the supply of money we assume that the rate of interest
tends to rise and vice verce.
i=Y(L(Pf(N),i)—M) 16)
Y'>0, Y(0)=0
When the rate of real wage by the demand function of labor exceeds the rate of real
wage by the supply function of labor, we assume that labor increases and when opposite
condition occures, labor decreases.
N=Z(f'(N)—S(N))?® an
Z'>0, Z(0)=0
Assuming that money market does not have any kind of disequilibrium and neglecting
the effect of money market on total system, that is, (15), (16), (17), general equilibri-
um of system consisting of two markets, goods and labor markets, can be considered
~ and phase diagram of these markets can be drawn.
Differentiating partially the equation (15),
—3%=X’-—(C%+I%)M0/P2<O
can be obtained.
On condition that P=0
—(C%+I%}M0/P’ dP—f/(NYQ—g—Crw>—I;ny)dN=0

%:-(C%+I%)MO/P2/ FI(NY(A—g—Cran—Iran) <0
From equation (17), -
oN _ .,

On condition that N=0
(f"(N)—S'(N))dAN=0
We can get the Figure 1 according to the conditions described above.
Neglecting the effect of labor market, from equation (15)

;_I’J=—(C%+I%)MO/P2<O

3) The equilibrium of (15), (16) is given by the adjustment of price, but in the case of (17), by quantity of
labor. We assume that both adjustment variables lead the system of equations to the same equilibrium.

o
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and from equation (16),
9i_yiri<o.
ot
On condition that {=0,
(?P =—Lpsan/Li>0

These conditions gives the phase diagram Figure 2.9

Figure-1 Figure-2

We can not examine the joint stability of three markets by the method which we used
till now. Then following technique can be applied to the total system. The equations
(15), (16), (17) can be developed by using Taylor’s series near the equilibrium points,
P, i, N, of which P, i, N are, respectively.[3]

[ P=X/(=(Cyt BpMo/ PXP—P)=(Cit IDG—)—f(N) A=g= Cran—Lyan) N =)

lf=Y’(Lp:<~>f(N)(P~P)+Li(i—i)+LPf(N)(N—N))
N=Z'((f"(N)=S'(N))(N-N))

We change variables P—P,i—i, N—N, into P,#, N’, respectively. The stability of this

system can be examined by forming the followiné characteristic equation.
J’P’—X’( (Cu +1M)Mo/P2P'+(Cz+It)t’—f’(N)(1 g—Cran—1I;an))N") (18)
= Y'(ij(zv)f(N)P'-l-Ln'+Lp;(N)Pf(N).N') as
N'=Z/((f"(N)=S'(N)N') (20)
The characteristic equation is
—(Cy+ 1M/ P*—Q Ci+li —f'(NYQ—g—Cran>—1Iswv)
Lesanf(N) Li—Q LrsanPf(N) =0
0 0 JIN)-S'(N)—Q
By some manipulations
—-Q’(f’(N)—S”(N)—(C%+I%)M0/P’+Li)
—Q((C%-FI%)Mo/P’Li-l-(f"(N)—S'(N))((C%+I%)Mo/P2—Li)
+(Ci+[i)Lp;<mf(N)+(C%+I%)M0/P2Li(f”(N)—S’(N))
+(Ci+ID (f"(N)=S'(N))Lp s f(N)=0
Here we remember the Routh theorem.t4
Given the characteristic equation
aX*+a X 1+ a X"t +a X3+ +an=0

4) By making characteristic equation, from (15), (16) about dP, di, we get @*+QA+B=0 and A>0, B>0.
Therefore this system is stable.
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The Routh theorem states that the real part of all of the roots will be negative if and
only if the following n determinants are all positive, which means the original system of
differential equations is stable.

a1 a a a a3 as a a3 aG; ar
QG az Q G G QG G2 Qs G
0 o as 0 & as as

0 & a a
This theorem can be applied to our characteristic equation.
@= _(fn(N)— S'(N)— (C.g-l-l%)l—g;o +Li)>0

ay
Qo

=(£"= 5= Cy+ 1 Y2 +Li)(cCy+ I e Li+ (F =) (Cy+ Iy 2 Li)

as
=aa2—aoas
az

+(Ci+I) Leseanf— (C% +I%)% Li(f"—=8)—(Ci+ ) (f"—S)Lesanr f
14 4 M y M . M : ] '’
=(f"—S )((c%u%)ﬁg- —Lt)+(—(C%+ e +L1)<(Cn’;+l%)ﬁ Li+(f"—S§ ))

X ((C%-FI%)I—‘P{T: —-Li+ (Ci+I')LPf(N)f)>0

a a 0 o a
a a 0 =asa; as >0 ¢ a>0)
0 a Qs 2

Therefore the nature of the time path of the variables of equations (18), (19), (20)
are stable jointly.

v

We examine the dynamic characteristics of the Keynesian system with the condition
of the supply function of labor being under full
employment by the equation (14)’ instead of
(14). The equilibrium condition between price N = N
and labor is different from the system analyzed
in the previous section.

from the equation (14)’ r

N _ ., y -
W—f(N)/—P N)>0

with the condition N=0 and with the results

obtained in section III, also, the following phase L’ P=0
diagram is given.
The equilibrium of three markets is analyzed.

Figui‘e-3

0

—(C%H%)%{g-o Ci—li —f'(N)(A=g=Cran>—Lyam)

Lprenf(N) Li—@ LpranyPfI(N) =0
D 0 Pf"(N)—Q

@~ QP (i —(Cy+1y) T+ Li)
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—Q((Cx +1™e i+ 1'>f"(<c£+1ﬂ>M —Lz')—f”(l—a— Cran—Iyan)

+(Cz+lz)Lpf<mf)+(C_g+Iu) Mo ipfir_ (Cit+E)Lp s Pf'
-f?Q1—g— CJ(N>-—IJ<N>)L1+(C1+It)Pf”Lp/<mf=
}a;i——( f"—(Cu-i-[%) +Lz)>0

@ a3
G Q2

=<Pf”*(C% + 1%)’—”1; +Li)((cg,+1%>% Li+ Pf"((Cu +Izi)"—42 —Li)

=aG2—anas

_f'zcl_g—cf(ﬂ)—fjun)"'(Ci+Ii)IPf(N)Pf') (CH."‘IE) =0 ripfr

+(Ci+[t)Lpf(N)Pf’2+f'2(1—g—Cf(N)—If(y))Ll—(Ct'*'[i)Pf”LPJ(N)f
We can not decide the sign of this equation without knowing the value of each dif-
ferential. But, if we can adopt the result obtained in section II, which is dP/dM>0,
that is, the quantity theory of prices is valid and interest elasticity of consumption and
investment can be regarded as zero, Ci+Ii:=0 and aids—acas>0. Then above system
would be stable. Because only the term, (Ci+Ii)L.sPf remains negative.

A\

In this section, foreign trade is added to our system and some terms modified. The
balance of payment is treated as the difference between exports and imports, which
does not consider the effect of capital movement among nations.

5)-1(%) =

where R is the rate of foreign exchange, E is export, T is import and p is world price.
With modifying equations in section I and II, new open system is given as follows.

B=

{ (f(N), i P)+I<f(N) i, "I{°)+gf(N) f(N)-i-E(};R) T(I;’f) 0 (@
G =
(o))

We shall introduce an assumption that the exchange rate is flexible in this system and
B=0.
Total differentiation of this system with respect to M is.

( (Cu-i—lu) 04 = (EPR TPR)>dP+(Cl+[l)dl—f'(1—g—C;(N)-IJ(N\)dN

+—(EL}_: — Tg}g) dR=0
D P P

 Le s f(N)A P+ Lidi-+ Lo sy Pf/(NYAN=dM
(f"(N)—S'(N)dN=0

R Epr—Ion)dP+E(Epg— Tog)dR=0
P ? P P

By the Cramer’s rule,
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0 Gitli —fUN)(A~g=Cran—Lran) * (Epa—Tap)
daP _1 1 Li Lpycnry PI(N) 0
dM~Di| 0 0 FI(NY=S(N) 0
o0 0 | chp_f—T¥)
=%((—Ci—1i> ') =S'(N>) (Eez— T%;;)’;f)
where
—(Cy+Ipye pasn Ten) Citli —f(N)(A~g—Cran—Iran) i;cEQ—Tg,_o
Di= Lpyseny(N) Li Lpscns Pf(N) 0
0 0 fP(N)=S(N) 0
E(EPR—T”) 0o 0 chm—TM)
-——(Cu+1w) Lt(f" SN~ (Egg—fpn) Lesenr f(CG+ID(f"-S)~ (EPR—TPR)>0
gﬁ>o v Epa<0,  Tez>0)
and
=D~ Cot I =) Erg=Tep 5 )<0
4N _,
aM

%:ﬁ(%(}@-r%auw-so (c%,_,+1p73)%+ (Ci+I) (fu—s'>i; (Ezp—Tap)>0

Here, we assume that B0 and R is flexible. That is, we have the system of crawling
peg. By the same way with respect to exogeneous variable B,

fzg D11< E(EPR—TPR>Li(f"—s'>)>o
;é D1< (EPR TP&)(f" S')LP/(N)f(N))
4N _,

dB

dR 1

AR = o[- Cart I e+ B Bep—Tep) | Lics =)~ Lo s f (Ci ) (/=) <0

The increase of the balance of payment raises price of commodity and lowers the rate
exchange.
Solving for the changes by dg, we obtain,

dP_l }_) _ _ "__

ar D;( L (Bep=Tem—F(N LU $))>0

L (B g = Tep "= Lr s f (N)) >0
aN _

a'g -

4R _ YL f"—s'>-§(3¥—n§)>o

The increase of government raises price and interest rate and lowers the rate of
exchange.
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And P multiplier,

dP _ di _dN _,
dp dp dp~
4R

x( "—s')g; (E¥—T¥))>o

If the world price rises, the rate of exchange rises and vice verce.
We also examine the dynamic characteristics of this open system by the technique of
dynamization like done in section III. Here, we add one more assumption that in the

case of export exceeding import, the rate of exchange rises and opposite direction occurs
with the opposite change.

( Pv:x(— (C%+I%)%+§(E¥— T%;_e))P"+ (Ci+Ii)i"— f'(1—g— Cran—Iycw)N"
+R oy Top)
X'>0, X'(0)=0 (26)
'=Y"'(Le s f (N)P"+Li i+ Lp s Pf (NIN")
‘ Y’>0,  Y'(0)=0 @n
N"=Z’(f"(N) _SI(N)NII)
Z'>0, Z'(0)=0 : (28)
R'= W’(E(E —Ten)P'+L (Bpg—Tom)R"
T\ pEET LR pUET R )
| W'>0, W/(0)=0 29)

If we can neglect the effect of money and labor markets, the equilibrium between
price and the rate of exchange is given like follows. From equation (26),

%%= —(C%+[%)1%2‘1<0, Figure-4
Conditioning that P=0 R 1 P=0
M,
ar _~ Gt ~
dP=P >0, X
> (Epr—Ter)
P P
From equation (29), .
R _P - R=0
OR _P Epp—Ter)<0
R D (Egg—Tez) 5

P "3 (E%Lz—TPPR)
dR— R <0
7 (EPPR— Tpr)

Next, we deal with the problem of the equilibrium of four markets including foreign
trade by the same method used in section III. The characteristic equation is given,
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—(Cu+Iw)P2 p(pr Tgn) —-Q Ci+Li —f'(NY1—g—Cranr—Iran) §(E¥—T%3)

Lesanf(N) Li—-Q LpswnyPf(N) ]

0 0 FINY—S(N)—Q 0

%(E%E—T¥) . 0 0 %(E%z—TQ)—Q
=0

For simplification of calculation, we change each term of the above determinant as follows.
A-Q B C D
E F-Q G 0
0 0 H-Q 0
I 0 0 D
Here A, B,C, D, F, H I, <0, E,G>0

Q'—(A+F+ H+D)Q*~(DH+ AD+FD+ AH+ FH+ AF— BE—DI) Q"
-+ (DFI+DHI— ADH—DFH— AFD+ BED— AFH+ BEH)Q
—DFHI+ ADFH— BDEH=0

|a1 =—(A+F+H+D)>0

' =@1Q2—aoa3

=—(A+F+D+H)(DH+ AD+DF+ AH+ FH+ AF—BE—DI)
—DFI—-DHI+ADH+-DFH+ ADF— BDE+ AFH— BEH

=AD+ A’H+ A’F— ABE— ADI+2ADF+DF2*+ 2AFH+ F*H+ AF
—BEF—DFI+DH*+2ADH+2DFH+ AH?*+ FH?*+ AFH— BEH
—DHI+D*H+ AD*+D*F+ ADH+ DFH+ ADF—D*[>0

We put this value as U.

-Q

@
Qo

a az 0
QG a2 &
0 a. as

=az(@maz—acas) —ar’a,

=(DFI+DHI-ADH—DFH—ADF+BDE—-AFH+BEH)x U
—(A+F+H+1)*(—DFHI+ ADFH— BDEH)

By some manipulations, the sign of this determinant is proved to be positive. Let this
value be V.

a 0

a &
a as
Qo a2 a4

o oo

=aq,V>0

co& ®

a,=—DFHI+ ADFH—-BDEH
S (EPR—Tpn)Lin"(N)%(Epn—Tpx)

( (Cx—-l_,) s (Epn—Tpn)Lsz"—(Epn—Tpn) BDEH)
- (C%+I%)FLsz” (N)E (Epz—Teg)—BDEH>0

Therefore we could prove that this system as a whole is stable.
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VI

Under full employment level, instead of equation (24), we have Pf'(N)—W,=0, and
the differential of this equation is,

F'(NDd P+ Pf"(N)AN=0 (28)’
Therefore, new system shall be (26), (27), (28)’, (29).
By the same method used in section V, the following can be obtained.

0 Ci+Ii —f/{(NY(0—g—Cranr—1rawy) % (EPTR-T%)
dP |1 Li  Le;wPf/(N) 0
aM~—| o0 0 S'(N)=S'(N) 0
0 0 0 % (EPTR—T%_)
1( (Ci+ I (f"(N)— s'cN>)§< e—Tep)>0
where
—(Cu+1.v) + (Egg Tgpgg) Ci+li —f/(NYQ—g—Crwn—Irum) %(E%B"'Ta;_?)
D= Lessf (N) Li Lpsans Pf(N) 0
F1ND 0 PN 0
’—eczfu—m) 0

0 %(E%g— Tep)
=——(Ei_’3— Tm>(Lsz"<N> <E7n Teg )+Pf"(N)LPf<mf(N)(Ct+Tl))
+;(E¥—Tp_f)( (Cg+Ig) Mo & ( eg—Tem) LiPf"+(Ci+ ) LiPf"

+f(N>(1—g—CJ(N)—IJ(N))Lif')>0

d%:%{——(EPR—Tﬂ)Pf”<N) (E_EB.—TPR)

+;(Ep_;a-T%g)( (CH+I~) 9= (EPR Tpn)Pf"(N) CCH+IH) LtPf’(N))
+’—;(E¥—T¢_R)<f'uv><1—g—cﬂm—1,<m>f'(N>+Pf"(N)mef<N)(c%+Ig,)ﬁ}

We can not decide the sign of this equation.

%:DL,(’_’ (Eza—Ten) (Ci+ ) ' (N)+ /(N (-(C.., + Ix)%,Lif’(N))>0

gﬁ o ((c,+z,,> SLPfI(N)Z (E,, ~Tem)+(Ci+E) Pf"(N)p (Ef_s—Tu))

With regard to the balance of payment B, we get,

O =i~ 2 Beg—Tep Litr7-))>0
%:D%(_.;_’(E_J_, T;:_R)Pf"(N)Lp;mf(N))
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( (Cau+ly ) Zo K (pr Tpn)L:Pf”+(Cz+Iz)Lsz’(N))
+D7(f'(N)(1—Q—C/(N)—Iﬂm)Ltf’(N)—P "(N)Lp;(mf(N')(CH-‘Ii))<0

Solving for government expenditures, G

( f(N) L’-Pf"(N)-(EPR— TPR))>0 a
=pe
ik

A _ g ’ _
_E;_WQ(N)Lsz (N)ch%, TI_”g))<0

And concerning P,

dP _ di _dN _,
dp dp dp

%=D1;(——(EM—TPR)Lz'Pf"E(Egg—Tn) (- Cy+ I+ B (EPR—TQ)LzP ")

(Eeg—Tep)— f(N)Lp/<mPf’(N)f'(N))>0

Pr
y/J
%cE —Tem) f'(N) Lz sy (N)A=g = Cram = 1,<m>)

D' (EPR Tep) (f'(N)QA~g—=Cran—Lran) Lif (N)

"Pf”(N) Lprany f(N) (Ci+1))>0
The charaeteristic equation by the technique of dynamization of this new open system
is given,

~(Cyt I+ B (Bep—Tep)—-Q Gitli —f(NX1—9=Cron—ILran S(Bep—Tep)

?
Lesanf(N) Li—Q Lpsanr Pf(N) 0 =0
J'(N) 0 Pf"(N)-Q 0
X (Eza=Tep) o o T (Erp—Tep)

We change this determinant like follows.

A-Q B c D
E F-Q G 0

K 0 H-Q 0 =0
I 0 0 D-G
=Q—Q*(A+F+H+D)+Q*(DH+ AD+DF+ AH+ FH+ AF— BE— CK—DI) i
+Q(DFI+DHI—- ADH—DFH— ADF+ BDE—- AFH— BGK + CFK+ CDK+ BEH) /
—DFHI+ ADFH+ BDGK — CDFK— BDEH=0
|ay |=—(A+F+H+D)>0 ®
ial as = —
la as =a1G2—a0a3

=—(A+F+H+D)(DH+ AD+DF+AH+FH+ AF—BE—-CK-DI)
—DFI-DHI+ ADH+DFH+ ADF—BDE+ AFH+BGK — CFK—CDK —BEH

=—(A*D+ A?H+ A*F— ABE— ACK—ADI+2ADF+DF?*+-2AFH+ F*H+ AF?
—BEF—-CFK—DFI+DH*+2ADH+2DFH+ AH*+FH*+ AFH— BEH—CHK
—DHI+D*H+ AD*+ D*F+ ADH+ DFH+ ADF— BDE—- CDK —D*[— BGK) >0

Here we can not decide the sign of this equation. But, if we can assume that Ci+Ti=0,
the only negative sign that is —BGK would be zero, therefore aid:—acas>0. Let this
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.value be U".

a a 0
Gy Q2 a4
0 a1 as
=U’'x (DFI+DHI-ADH—-DFH—ADF+BDE—AFH—BGK + CFK+ CDK+ BEH)
—(A*+F2+ H?*+D?+2AF+2FH+2DH+2AD)
X (—DFHI+ ADFH+BDGK—CDFK—BDEH)

We put this value as V”. After some

= as(ma:—aoas) —a’ay

calculation we can prove that the sign of Closed system |  Open system
this equation is positive with the same Ul;ldgr ?,VQE'(D Ul?dé“ %"‘;:'
assumption used just before. S — — -
a a 0 0 aM + + L+ +
a a a 0 ;
0 a a3 0 =aV’>0 —ddLM - - - -
0 a a a ﬂ + 0 + 0
(*+ a=—DFHI+ADFH+BDGK aM
—CDFK—BDFH>0) AR /ﬂ _ -
As a result, we could show the stability aM |
of this system of Keynesian model under % + + + +
full employment with rather striet assump- di
tion. dg + + + +
% + 0 + 0
dg
As summary, first, we have analyzed the dP
separate effects of change in the exogeneous dB + +
variables on price, the rate of interest, di + +
labor, and the rate of exchange by the dB
techniques of comparative statics based on anN. 0 +
a very simple aggregate model of the econo- dB
. . dR
my. The conclusions are shown in the fol- 4B - —
lowing table totally. dP
Secondly, we have analyzed the stability ap ‘ 0 0
of systems with two, three, four markets at di
the same time. The stability of each system | dp 0 0
could be proved. 4N 0 0
(BEMHE, BURAFEKEED dp '
dR
dp + +

@ F.E. is full employment.

® Flexible exchange rate is assumed.

® That R is flexible and B0 is assumed
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